A Prior works

Average-Reward MDP The setup of average reward MDPs was introduced in the dynamic pro-
gramming literature by [36], and [9] established a theoretical framework for their analysis. In
reinforcement learning (RL), average-reward MDP was mainly considered in the sample-based setup
where the transition matrix and reward are unknown [57, 23]. For this setup, various methods were
proposed: model-based methods [41, 97], Q-learning methods [89, 85], and policy gradient methods
[5, 62, 46]. Sample complexity to obtain e-optimal under generative model [86, 96, 48, 54, 40] and
for regret minimization [15, 38, 95, 11] also have been actively studied.

Value Iteration Value iteration (VI) was first introduced in the dynamic programming literature [6]
and serve as a fundamental algorithm to compute the value functions. The sample-based variants, such
as TD-Learning [77], Fitted Value Iteration [25, 61], and Deep Q-Network [58] are the workhorses of
modern reinforcement learning algorithms [8, 78, 79]. VI is also routinely applied in diverse settings,
including factored MDPs [68], robust MDPs [47], MDPs with reward machines [12], MDPs with
options [29], and generative model [84, 75, 48].

The convergence of VI in average-reward MDPs also has been extensively studied. For unichain
MDPs, delta coefficient, ergodicity coefficient, and the J-stage span contraction demonstrate the
linear rate of VI [74, 37, 27, 81]. When MDP is multichain, it is known that policy error of VI
might not converge to zero [22, Example 4]. Even with the aperiodicity assumption, VI guarantees
only asymptotic convergence. [66, Theorem 9.4.5]. [72, 73] established necessary and sufficient
conditions of convergence of VI and asymptotic linear convergence on Bellman error.

Offline Reinforcement Learning In offline RL, the agent learns decision-making strategies utiliz-
ing precollected data [53]. This framework is often applied when interaction with the environment
can be expensive, and the quantities of data that can be gathered online are substantially lower
than the precollected dataset [19, 43, 53]. Consequently, various offline RL methods have been
actively proposed [25, 76, 45, 1], and Fitted Q-Iteration is one of the representative methods based
on sample-based value iteration with function approximation [25, 61].

One issue in offline RL is the distribution mismatch between the behavior policy that collected the
data and the learned policy of the agent [44, 87]. For theoretical analysis, coverage coefficient is
assumed to ensure that offline dataset sufficiently explores whole state and action space. [60, 71, 80].
Under this assumption, sample complexity of offline RL methods actively analyzed [4, 69, 18, 64],
and in particular, an L,, bound of approximate value iteration was obtained, which in turn yields
convergence results for Fitted Q-Iteration [60, 61]. More recently, several works succeeded relaxing
the full coverage assumption to partcal coverage [56, 67, 91, 42].

Another issue in offline RL is the representation capacity of the chosen function space. To handle large
state space and action spaces, many RL frameworks including offline RL use function approximation,
ranging from linear functions [24] and nonlinear (general) functions such as neural networks [26] and
kernel functions [17]. In offline RL, the inherent Bellman error measures the approximation error
incurred when projecting the output of Bellman operator into chosen function space, and Bellamn
completeness assumes the inherent Bellman error is zero [61, 18]. Most sample complexity analyses
in offline RL rely on inherent Bellman error or Bellman completeness assumption [56, 67, 91, 42].
Recently, however, several works achieved finite sample complexity under weaker realizabiltiy
assumption, which only requires that optimal function value lies within chosen function space
[92, 94].

Most of prior works in offline RL focused on discounted-reward setup, and to the best of our
knowledge, two prior works established the finite sample complexity in the offline average-reward
setup [63, 30]. Both proposed a primal-dual approach, reformulating the Bellman equation as
a bilinear saddle-point problem, to obtain an e-optimal policy under partial coverage. However,
they imposed restrictive structural assumptions on MDP such as uniform mixing or linearity and
considered only IID dataset. (See the Table 1.)
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B Preliminaries

The followings are inequalities from prior works used in the proof.

Fact 1 (Bernstein inequality). Let X1, ..., X,, are indepedent random variables. If X; < b for all 1,
then

n?e?

1 n
Pl=-> Xi—E[X;|>¢] < ——
(n ; X E) “p [ 25" E[X?] 4 nbe/3

Furthermore, if all the E[X?] are equal, with 1 — & probability,

Ly 2b1n(1/5
LS X~ EX, < 2B In(1/8)n + 222010)
i 3n
Fact 2 ([4], Lemma 4). Suppose that Zy, ..., Zy, € Z is a stationary [3-mixing process with mixing

coefficients By, Z{ € Z(t € H) are the block-independent ghost samples. H = {2iky +j : 0 <
i <mpn,1 <j<kn}andF is permissible class of Z — [— M, M| functions. Then

P sup
feF

C Omitted proofs in Section 3

1 N
v n;f(zn) ~ E[f(%))

m 52
> E) < ].615:[/\/(6/8,./_‘.7 l(Z{)teH)}ei 12£]Mz + 2mNBk;N+1.

C.1 Proof of Proposition 1

Define the limiting matrix P as the Cesaro limit of P7, i.e., PT = lim 2 3" | (P™). (The limiting
matrix always exists for finite state-action spaces [66, Appendix A.4].) Then, P is stochastic and,
by definition, g™ = P]r [66, Proposition 8.1.1].

We first prove following lemma.

Lemma 3. Let A1 = 1. Under Assumption 1 (Bellman optimality equation), the policy error of
Apx-Anc-QlI satisfies

gﬂ'* o ger _ erK( TQK + QK)

l
< Py (Z I A — AT, P (Z Iy AL = A ) (P7) 1 1) Q- Q™)

=0 m=0

+ZHZ l>\ (Z ’m-‘rl*)‘ ) i= 7n+17)m(737r*)m+1 I+HKI+1,P ()‘lpm - )) 6[).

m=l

Proof of Lemma 3. By definition of Apx-Anc-QI, we have

NTQRN — Q%) + Ak (TQN —TQN ™) — Akek

1= )(TQF — Q)+>\K7”TK(QK QN = Akex
) ) — Akex

KP™((Ak — Ak—1)(TQF ™1 = Q°) + Ax_1(T QK_I— TQ"™?) 4+ Akex — Ak—1€6x-1)

K
2 ZHz i = ML PTH(TQ - Q) + ZH NI PT(NP™ — T
1=0 =1

where first inequality comes from greedy policy and last inequality comes from induction.
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Forany 0 <[ < K,

TQ - Q°

=7Q' - Q™ — (Q° - Q™)

=TQ' —TQ™ + g™ — (Q° - Q™)

>PQ - Q™) + g™ —(Q° - Q™)

=P (NI = Q™)+ (1 - A)(Q° — Q™) + \e) + 9™ — (Q° — Q™)

l
<Z I A (P (1= A) — I) (@ —@™)+ Z I 1 Aig™
m=0
+ Z i N\(P™)iFi=me,

where second equality comes from Bellman optimality equation. By combining previous two
inequalities, we get

TQX — Q¥
K l
> S I Gt — AT P S I A
=0 m=0
K
3T A O — AT P (ZH Y P”*V“—m(l—w—f) Q- Q™)
=0 m=0

K

+ 3 IENIE, P (NPT — e
=1
K l

+ Y I A g = TS PTG, A (PT) ey,

=1 m=1

_ gﬂ'* —|—Z <ZH m+1>\ m4l — A )Hml)‘ Hz m+1P7T (,Pw*)erl 1

+ H l)\ H’L l+1lp ()\llpﬂ-l - ))El

K l
+ Y T A (N = AT, P (Z I g1 Ai(1 = M) (PT) 1T — I) (Q° = Q™).

1=0 m=0
This implies
TQ® — Q% —g™

K l
> I i = M), P (Z I 1 Ai(1 = A ) (P17 — I) Q" -Q™)

=0 m=0

+ZHZ i (Z A1 — Ap)IIE PPy =l L TTE P (AP —I)) .
m=l

Finally, following the proof of [66, Theorem 8.5.5], we have

g = g™ =PI (g™ —r) =PI (g™ —r — P™EQN + Q)
=PIe (g™ —TQX +QF),
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where first equality comes from Bellman optimality equation and second equality comes from
property of limiting matrix. This implies that

g7r* _ g7rK _ xP7rK( TQK + QK)

!
< prK (Z IE A (ugn — A, P (Z T (1 = M) (P )L f) Q" — Q™)

=0 m=0

+ ZHz l/\ (Z )‘m-‘rl - /\m)HiK:mJ,-lpm (,Pﬂ-*)m-i_l I+HKZ+1P ()\Z’PTH - )) Gl)-

m=l

The following are lemmas about coverage coefficient C), ,.

Lemma 4. [f Py and Ps are stochastic matrix satisfying p' P; < C,, ,u for i = 1,2 and given
distribution yand p on S x A, then p' (aP; + (1 — a)Ps) < Cuppfor0<a<1.

Lemma 5. Under Assumption 6 (uniform future state distribution),

sup

TL,T2,.--Tk

pT'p;r*fpm’pm .. .'P‘ffk-(.) H
p(-)

where T, 1, Ta, . .. T}, represents an arbitrary sequence of policies with optimal policy.

<Cup

o0

Proof. Under Assumption 6, for any non negative integer n, we have p ' (P™+)"P™1 P72 ... PTk(.) <
Cy.pt- This implies p " PT+P™1 P72 ... P™(.) < C,, ,u by definition of limiting matrix. O

Lemma 6. If P is stochastic matrix satisfying p' P < Cyu, p,uT for given distribution u and p on
1
8 % A, then [PQp.p < C/" Qs

Proof. Since [PQ(s,a)|P = [E(s aynp(|5,0)[Q, )P < Ey ayap(|5,0)[|Q(,a")|P]) =
P|Q|P(s, a) by Jensen’s inequality, p " |PQIP < p" P|Q|P < C,, 1" |QIP. O

Now, we are ready to prove Proposition 1.

Proof of Proposition 1. By Lemma 3,

g —gx

K !
< PrE (Z I N (Nt — NI P (Z I g N (1 = Ay ) (P ) — I) Q" - Q™)

=0 m=0

K
+ZH (Z At = A Iy PP I P (AP — >> 61)
m=l

!
< prx (Z K A (un — AT, P (Z I AL = M) (P )1 f) Q% — Q™|

=0 m=0

K
+ ZH (Z Ami1 — Am)HK m+1737n (PW*)erl L+ HKZ-H,PT“ (NPT + I)) |€l|)'
m=l

Let PR = Prelik,, pm (zl (1= A )(P’T*)l“*m+l> /2 and Pf =

m=0

P ZK— Amg1 = A, P (P )™ L T P (NP™ 4 1)/2. Then PJQ and

m=l

P[ satisfying pTPZQ <C,,pand p'Pf<C,  uforall 0 << K by Lemma4 and 5. Thus, we

26



have
K

g™ — “K||pp<2ZH CdiO = AIPUQ° — Q™ ([l + 2> T NI Pfledl 1.
=1

K
<207 Z IS A (N — A)[Q° — Q™ lpu +2C47 Z IS A ll€dllp, s
1=0 1=1
where last inequality comes from Lemma 6. By plugging A\, = kiw, we conclude. Note that since

Cy < Oy, for any distribution p, then choosing p to be a Dirac distribution at each state proves the
case of Assumption 5 which implies first inequality of Proposition 1. O

D Omitted proofs in Section 4

D.1 Proof of Lemma 1

Proof of Lemma 1. Let F C {f : S x A = [—fmaz, fmaz] | f € B(S x A)} and G C {f :
S XA = [—Gmazxs Gmaz) | [ € B(S x A)}. Let fi1,..., fx cover the F and ¢1, . .., gn cover the G
where N = N(e/M; F, |- o), N' = N(e/M: G, ||| o), M = 108(R + 2 fraz). F X G = USy
where S;; = {(f,9) : |f = fil o < & ll9—9jll, < €} Without loss of generality, suppose
gmafﬂ S fmaa:-

First note that E,, . p . | si,a0) [T (8, @) + max, (s, a)] = Tg(si, a;), [rs + max, g(s,a)] < R+
fmam, |Tg(8, a)| < R+ fmam-

For arbitrary f € F, g € G, define Xif’g = (f(s4,a;) — r(si,a;) — max, g(st,a))? — (Tg(s;,a;) —
T(Sivai) — InaXg g(S;,a))2. Then’ ESi,aiNN,S,ENP(- | si,a4) [Xf g} = ”Tg f”2 2 and ]E[(ng) } <
IR + 2fmaz)?ITg — fI22 since X9 = (f(si,ai) = Tg(si,a))(f(si,a:) + Tg(si,a:) —
2r(s;, a;) — 2max, g(s}, a)), and |Xif’g| < 3(R+ 2fmaz)*

By Bernstein inequality and union bound, with 1 — ¢ probability, for all { f;, g; }i=1,... .~ j=1,... N,

n s 18(R+2fmaz)2HTg _fi‘Q ln(N]:,g/é)
ITg; — Fll2, = 3 XF n < \/ L2
2(R =+ 2fm,m)2 ln(./\/'];g/é)
n

where Nz g = N(e/M; G, |||l ., )N (¢/M; F, |||, )- Through 2v/ab < a + b, we have
o . 22(R + 2fmaz)?1 5
32_2ZXifmg_7/n§ ( + f ) H(N]'-,g/ )

n

Vfie FNgi€G, |Tg;— fil

i=1
Now, for covering number argument, we use following Lemma.

FI2 o —eXr X9 nis (24 8¢)(2fmax + R)-

Lipchitz.

Proof. Since |Tg1 — fill7 o — ITg2 — foll7 2 < E[(Tg1 — Tga + fo — f1)(Tg1 + Tga — fo —
< (lgr = g2lloe + 11 = folloo)2(R + 2fmaz), 1Tg = fl7 2 is 2(R + 2 fmaz)- Lipchitz. Also,
since | 321y X9 /n — 0 X9 n| = LT [(max gy — max g + f1 — fo)(fo + f1 —
max g; — maxgs — 2r) — (I'gy — T'go + max go — max ¢1)(Tg1 + Tg2 + max g2 + maxg; —
ZT)‘ < (”gl - QQHOO + ||f1 - f2||oo)2(R+2f7na.L) +38 Hgl - 92”00 (fmaw +R) < (”gl - QQHOO +

Ilf1 = folloo)8(2fmas + R), Doy Xifl’g1 /1 8(2fmax + R)-Lipchitz. By adding two Lipchitz
functions, we obtain desired result. O]

By Lipchitzness of || Tg; — fill% s =2 >0, X/"9 /n and definition of covering number, if f, g € S; ;

ITg - f|‘H2*22ng/”*(||Tgy fillha =2 X[ m) < e
i=1 i=1
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This implies that with 1 — ¢ probability,
22(R + 2fmaz)? m(Nr g /6

n

) +23 XM (D)

i=1

VifeFNgeG |Tg—flly<e+

By other side of Bernstein’s inequality and covering number, for all {f;, g;}i=1,... N j=1,.. N/, WE
have

;2L72 In(Nrg/0)

n

n o 18(R+2fma1)2HTg _fz‘
SO =T — Fill2» < \/ .
=1

n 2(R + 2fmaz)? In(NF /o)

n

Ifz7'11 qu,,gj/n N 4(R+2fmaz)? In(NE g /3)

n

, with1—§ probability, for all {fz, gj}i:l,.“,N,j:L...,N”
we have

n

Yo X =T = fillha < (|45 X[ In|Tg; = fil2 2+

i=1 =1

2(R + Qfmaz)2 hl(./\[]:_]g/(i)

n

and by 2v/ab < a + b, this implies

- g 4(R+2 2 In(N; )
ZXZ_fugJ/n_Gﬁnng _fi”i,? < ( fmaxi WNFg/d)

i=1

Even if ) | X,L-fi’gj /n < ARA2fmaz)” N6 /0) | previous inequality still holds.  Since

n

S X9 In —6.5|Tg; — fill2 2 is 54(R + 2 fimaa)-Lipshitz, with similar argument, we have

n 2
VieF.geG, > Xn—65|Tg—fl2,<e+ AR+ 2mae) N7 0/0) o

: n
=1

Let Tg = argmin rerllf =Tgll2,uand f = Tg in inequality (2). Then, by definition of Inherent
Bellman error,

"z 4 2 )21
Vgeg, ZXiTg’g/n < e+ 6.5eg + (R +2fmaz) n(Nf’g/(S).

‘ n
i=1

Also, let f = Tg in inequality inequality (1). Then, by definition of T'g, we have > XiT 99 <
S, X9, Combining with previous inequality, with 1 — 24 probability,
3O<R + 2fmaw)2 ln(/\/’];g/é)

Vgeg, |Tg-— Tg”iz <3e+13ep + - .

Finally, let G = Fj,, F = Fi+1, and g = fi, and by manipulating , we get desired result. O

D.2 Proof of Theorem 1

Proof of Theorem 1. By combining Lemma 1 and Proposition 1, we directly obtain following results.
Under assumptions stated in Theorem 1, we have

< 01/28||QW*H2#

T _ TK
lg 9" oo Iz K +2
2K 60(K + 1)2R2In(2KN2/§
+C}/2—3 <\/@+\/ (K+1) nn( <10 +1<;7()ma}1((71 136B(}—k’}—k+1)>’
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< C1/28||Q7T*H2,u

g™ — g™ ll2,p < CJ/, K +2
+Ci,/3¥ <@+\/60(K+1)2R;1n(2KN3/6) +k_013%_1¢m>7
where
Né:k:I??i%KNk76/7 Nk7€:-/\/'(m;fk?||'||oo)’ fork=1,..., K.
Given ¢ > 0, for the first inequality, let K = [18CL/%|Q™ [|la,/],¢’ = %m =

%601%2([( +1)2In(2KN?2/6). Then, by direct calculation, we derive that

g™ — g™ || < e+ 3KC/1/2k:0ma}f<71 €B(Fr, Frr1)

with sample complexity

T |4 3 p2
n=0 (W 1n(f\ffc;/2/(5e))>

4
Ne= max, Moo Nee = Niroggmerm Pl ) fork =1 K

Similarly, given € > 0, for second inequality, let K = (180‘1"/3
30K s OR2(K + 1)2 In(2K2N, /6), and

2
Q™ ll2u/€] € = grgie—n =

g™ —g™|

9, < €+ 3KC;(§k:0T%>I<{ ) €B(Fr, Fr+1)
with sample complexity

€6

T || 4 3 2
n=0 (HQ“?MCHPR IH(NECELM/(&)))

where

4
Ne = k:I?ax Nk,e; Nk,e = N( IOGkCﬁ’pﬁQ"*Hg,“R;‘Fk’ ||Hoo)’

fork=1,... K.

FRREE

D.3 Proof of Lemma 2

We first introduce empirical covering number.

Definition 5 (empirical covering number). For a given function class F of real valued functions and
set x¥" = (z1,...,x,), denote the covering number of F equipped with the empirical l; pseudo

metric lmlm (f, g) = % Z?:l |f(l’1) - g(xz)| by N(67f7 xl:n).
Although the empirical convering number depends on number of samples, but it can be bounded by
pseudo dimension which depends on only function space and € as following fact shows.

Fact 3 ([35], Corollary 3). For any x'" = (x1,...,2,), any function class F of real-valued
functions taking values in [0, M| with pseudo-dimension Vx < oo, and any € > 0,

26M) VF

N(ﬁ,]:, lCEl:N> < e(V]: + 1) (

Define L(g, f) = Es, a;oulV arsimp(| 5,00 (7(56, i) + max f (s}, a))] + [lg — Tf|3 ,, where Var
denotes variance with respect to s}, and L(g, ) = 2 "7 (g(si, a;) — (s, a;) — max, f(s}, a))%

Then, E[L(g, f)] = L(g, f) and following lemma holds.
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Lemma 8. ||Tf - Tf”%,# - infgeg ||g - Tf”%,,u < 2SUPgeg |L(g7 f) - ‘i’(g7 f)'

Proof of Lemma 8. | Tf — Tf|3,, — infyegllg = TFI3, = L(TSf.f) — infyer L(g.f) =
L(Tf, )= L(Tf, f) + L(Tf, f) — infgeg L(g, f) < 2supsex|L(g, f) — L(g, f)| by definition
of Tf. O

For {T'f, frtizy' of Anc-F-QI, previous lemma implies that

T —TFfl2 . —inf |lg—TFH|2 . < sup(||Tf —TF|2 — inf ||g — TF|2
1T fr. — Tfrllz, gegHg fk||2,;¢7f€§_(” F=Tfl3,, gegllg flz,.)

<2 sup |L(g7f)_i’(gvf)‘
geG, feEF

Define the function ly, : S x A X [-R,R]| x & — Ras Iy 4(s;,ai,7i,8i41) = (f(s5,a:) —
r; — max, g(si+1,a))? and the function space Lrg = {ly4|f € F,g € G} and Gaw =
{max, g(s,a) | g € G}. The pseudo dimension of G,,,4, could be bounded by following Lemma.

Lemma 9. Define Gar = {maxgeea g(-,a) 1 g € G} Vg, ... < 2]A|Vglog(3|A]).

Proof of Lemma 9. By the definition of pseudo dimension, we have Vg > Vg where G' =
{9(z,a;)|g € G)}. Since maxsea9(-,a) <0 < Vig(-,a;) < 0, the claim follows from
Lemma 3.2.3 of [10]. O

Now, we are ready to prove Lemma 2.

Proof of Lemma 2. Let F C {f : SXA = [— fimaz: fmaz] | [ € B(SxA)}andG C {g: Sx A —
[—9mazs Gmaz) | g € B(S x A)}. Without loss of generality, gmaz < frmaz-

By similar argument in proof of Proposition 4 of [16], {s;, a;,7; } is also S-mixing with the coefficient
{Bi} and this implies {s;, a;, r;, 8;+1} is also stationary S-mixing with coefficient {3;_1 }. By direct
calculation, |ﬁ(f, 9)| < (2fmax + R)?. Now, we apply Fact 2 with [(f, g) and Z; = (s;,a;, 7, Siv1)-
Then, we get

m €2

P ( swp_|L(f.9) — L(f.9)| > ) < 16EIN(/8, L6, (Zi)iem)le” s +2mp .
fEF.,geG

Since

i/(flvgl) - f/(f2792)
1 n n

= - ;(ﬁ(«% a;) = 7(si, ;) = max g (sit1, a))? — ;(h(si, a;) = r(si, ;) — max go(sit1, a))?
2fmam + R -

=2 Z(|f1($i;ai) — fa(si,ai)| + |31€aj(91(5i+1,a) - Igleajigﬂswl,am,

i=1
this implies that
N(4(2fmaz + R)e, LF.g, (z"") < N(€, F, s* N (€, Gma, (5,0)"™)
where z; = (s;, a;,7;, Si+1) by definition of empirical covering number. Finally, by Fact 3, we get
N(e/8,Lr g (Z{)ien)

Vr Ve maa
128(2 frnax R 1282 frnaz + R s
Se(vfu)( (2fmas + )e) e f,,,m+1>( (2fmaz + >e)

€ €
VFE+Voman
1
P C _—
€

where C' = e2(Vr +1)(Vg,... + 1)(128(2fmax + R)e)V7HVomas .,

For calculation, we use following prior result.
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Fact 4 ([4], Lemma 14). Let B, < Bet='™) N > 1 ky = [(CoNe2/b)T+],my =
N/(2kn),0 < d <1,V >2and Cy,Cs, 3,b,k > 0. Define € and Cy as

_ \/ Co(max{Co /b, 1})1/#
CoN

with Cy = V/2log N + log(e/d) + log(max(ClC;//Q,B, 1))

\%4
1
Cl () 6—402771NE2 _’_QmNBkN < 5.
€

co(max{co/b,1})/*

can ’

Then, by this fact and previous arguments, for € = \/

P( sw |L(fig)~Lifig)|<e]=1-0
feF,geg

where ¢ = (Ve + Vg, ,.)/2logn +log(e/d) + log(max(clcgvf+vgm”)/2, B,1),¢1 = 162(Vr +

D (Ve + 1)(128(2fmaz + R)e2)VJ:+ngw’02 = m’vgm‘” = 2| A[Vg log(3]A]).

Let G = Fy, F = Fi+1 and g = fi. By Lemma 8, this implies that with 1 — § probability,

co(max{co /b, 1})1/%
4ean '

T fi — Tfull%o < e+ \/
Finally, by manipulating 9, we get desired result. O

D.4 Proof of Theorem 2

Proof of Theorem 2. By combining Lemma 2 and Proposition 1, we directly obtain following results.
Under assumptions stated in Theorem 2, we have

< 01/28||QW*||2,M

T _ O TK
l™ — 7% o < /2 21271
1/4
2K ( ( co.r(max{co g /b,1})1/*
12 448 0,K 0,k/0,
+ 0 3 <( Co, KM +k:0r,.n.fa,}1(<71 €5(Fi: Frr1) |
8[1Q™ |2
T ™ 1/2 N
g™ = g™ |l2,p < C;L{pw
1/4
2K [ ( co.x(max{co rc/b,1})'/*
1/245 0,K 0,K /Y,
+C,/ 3 (( P +k=0{r.1_?>;(_1 eB(Fr, Frt1) |
where c¢g g = maxp=o, . K-1C0k Cok = (VE: + ViFome.)/2logn + log(e/(K0)) +
log(max(c1 k,0,1)),c10 = 1662(ka+1 + DViF)mae T 1)(246)ka+1+v(}—k)maz,CQ’K =

512(2K1+1)4R4 Vi F)man = 21Al Vi, log(3[A]).

Given € > 0, for the first inequality, let K = [90,1/ 21Q™ o, /€. Then, by direct calculation, we
derive that

Hgm _ QWKHoo < e+ KCi/Qk_Oma)é GB(]:ka]:k+1)

yeeey

with sample complexity

12

1/ EETS -
n:@<b“<%ﬂ>mR4Qw@¢$>

€

.....

D) (ViFy) s +1)(24€) Trtt HVTmas Vig) = 2| 4|, Vi, log(3|.A]), and O ignores all logarith-
mic factors.
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Similarly, given € > 0, for the second inequality, let K = [90,1/ 21Q™ l|2,./€]. Then, by direct
calculation, we derive that
lg™ — g™ ||, < e+ KC;{,?k_Omai(( ) eB(Fr, Frit1)

=0,...,

with sample complexity

el2

—1/k 1tk g T |8 6
n:@<b/(%ﬂ~fﬂw um&ﬁ

where ¢, o = maxXp—o,_ K1) Cop = 10g(1/6) + log(max(cy , B)), cLr = 16€*(Vr, , +

D(ViF)mae T 1)(24e)Fren TV F I mas ViF ) mas = 2|Al, VF, log(3|A|), and O ignores all logarith-
mic factors. O

E Omitted proofs in Section 5

E.1 Proof of Theorem 3

We first prove following key lemma.

Lemma 10. Assume Assumptions 1, 2, 3, 8, 11, and 12 (Bellman optimality equation, existence of
argmin, star-shaped function space, normalized function space, range of function space, IID dataset).
Let p be the distribution generating the dataset. Let ¢ > 0 and § > 0. With probability 1 — 9,

{fr, Tfk}sz_ol of R-Anc-F-QlI satisfies
30(R+4[Q™ || )? In(2KNZ /5)

IT fi — Tfell%o < + 3¢ + 13ep(F, F),

n
where
Ne = N(ismraioer 7o o)
Proof. The proof basically follows from the proof of Lemma 1. O

Now, we prove Theorem 3.

Proof of Theorem 3. Consider Apporximate Relative Anchored Value Iteration
QF = (1—M)Q2 + Ne(TQEF ' + e — 1) (Apx-R-Anc-QI)

for ¢, € R. Also, consider corresponding Approximate Anchored Value Iteration with same €5 and
starting point Q2

QF = (1 = M)Q2 + Me(TQ ! + ). (Apx-Anc-QI)

Since Q* — QF = dj.1 for some d;, € R, max, Q(s,a) = max, Q¥(s,a) for all s € S by the
defintion of Bellman operator and this implies induced policies are same. Thus, Proposition 1 also
holds for Apx-R-Anc-QIL.

By combining Lemma 10 and Proposition 1, we directly obtain following results. Under assumptions
stated in Theorem 3,

< 01/28”@#*”2#

T _ A4TK
lg™ = g™ llee < Cu* =55
2K 30(R+4(1Q™ .. )2 n(2KNZ /5
+qm3<@%¢ (4 1197 )it 5/u,§%£ﬂ>
81Q™ 12
T T 1/2 s
”g -9 KHQJI SCv/l,,/p K +2 =
2K 30(R + 4(|Q™ |l..)* n(2K N2 /5
+ O <\/3e'+\/ (B+4]Q ”:’) 2 6/)+\/13€B(.7:,.7:)>,
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where

Ne :N(W@"*Hm);}—’ H”oo)

Given € > 0, for the first inequality, let K = flSC,lL/2||Q”* 1, = 27;1;20 N

36Ii#ﬁi()(R +41|Q™ || . )* In(2K NZ /§). Then, by direct calculation, we derive that

lg™ = 9™ |l < €+ 3KCY?Vep(F. F)

with sample complexity

:O<<R+n@m LI CE

I WCI/?/(&)))

where .
€

Ne=N( 1Tl )-

106C2 (RH(|Q™* [ )IQ™* 1%,

Similarly, given e > 0, for second inequality, let K = [18C 1,/ ;

K Cur30(R + 41|Q™[|.)? In(2K 2N, /), and

l2u/€),€ = s —n =

g™ — g"<|2,p < €+ BKCL2\/ep(F, F)

Hop

with sample complexity

=0

R+ 1Q™ 12 1Q™ 12 CE, . 1)
( ; In(A; c,/,)/we)))

€

where

Ne=N( 3 Moo )-

4
€
10902 ,(R+IQ™ )@ 1I%,

E.2 Proof of Theorem 4

We first prove following key Lemma.

Lemma 11. Assume Assumptions 1, 2, 3, 9, 10, 11, and 12 (Bellman optimality equation, existence
of argmin, star-shaped function space, normalized function space, range of function space, single-
trajectory dataset, B-mixing single-trajectory). Let u be the distribution generating the dataset
defined as (s, a) = v(s)m,(a|s). Let € > 0 and & > 0. With probability 1 — 6, {fk,Tfk}g;Ol of
R-Anc-F-QI satisfies

co(max{co/b,1})1/5
Ccon

ITfe = Tfell} o < es(F.F)+ \/

where cy = (Vr+Vz, . )logn/2+1log(e/(K6)) +log(max(ci, B)),c1 = 16e2(Ve+1)(V,,.. +
1)(24e)V7tVFmas ¢y = L V... =2|A|Vrlog(3|A).

max

S12(R+4[Q™* [[ )
Proof. The proof basically follows from the proof of Lemma 2. O
Now, we prove Theorem 4.

Proof of Theorem 4. By combining Lemma 11 and Proposition 1, we directly obtain following results.
Under assumptions stated in Theorem 11, we have

81Q™ |2
™ 1/2 sH
“lloo C“/ K+2

L/ 1/4
+C,1/2% ((co(maX{CO/b,l}) ) n 613(]:,]:)> 7

T

g™ —g

Ccon
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2
gﬂ-KHQ,p— o K+2N

+ /22K ((CO(maX{co/b, 1})1/H)

< 01/28||Q7T* ;

Tx

lg
1/4

mp g can

+ EB(]:,]:)>,

where ¢g = (Vr+ Vg

max

)/21og ntlog(e/ (K 8))+Hlog(max(er, 5, 1)), e1 = 16e2(Vr+1)(Vi, ., +
1)(24e)VFTVFmas ¢y = L

512(R+4[[Q™+ Hoo)4 ) V]:maw = 2|.A|V]: 10g(3|A|) Lax

Given € > 0, for the first inequality, let K = [96’,1/ Q™ l|l2,../€]. Then, by direct calculation, we

derive that
lg™ = 97|, <e+KCY?\/en(F,F)

with sample complexity

n=0 5

. (b‘l/“(C{u)T (R+ Q™) Q™ IioC,‘i)

€

where ¢ = log(1/0) +log(max(c1, B)),c1 = 16e2(Vr+1)(VE,, .. +1)(24e) "V Fmae Vi =
2| A|Vx log(3|.A]), and O ignores all logarithmic factors.

Similarly, given e > 0, for the second inequality, let K = [QCH p2 |Q™ ||2,./€]. Then, by direct
calculation, we derive that

lg™ = g™ |l < €+ KCY2\/ep(F,F)

with sample complexity

- <b1/~<ca>1f“<R+ |Qm||oo>4czm||§oc;t,p>

n=0
8

max max

2| A|Vxlog(3|.A|), and O ignores all logarithmic factors. O

where ¢, = log(1/4) +log(max(ci, B)),c1 = 16e2(Vr+1) (V.. +1)(24e) V"V Fmes Ve =
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